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Abstract. Let G be a topological locally compact, Hausdorﬀ and second countable groupoid
with a Haar system and K a compact subgroupoid of G with a Haar system too. (G;K) is
a Gelfand pair if the algebra of bi-K-invariant functions is commutative under convolution.
In this paper, we give a characterization of Gelfand pairs associated to transitive groupoids
which generalize a well-known result in the groups case. Using this result, we prove that the
study of Gelfand pairs associated to transitive groupoids is equivalent to that of Gelfand
pairs associated to its isotropy groups.
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1. INTRODUCTION
Let G be a locally compact group and K a compact subgroup of G. The convolution
algebra L1(GnnK) of bi-K-invariant functions plays a central role in the Harmonic
Analysis of pairs (G;K). In particular, if L1(GnnK) is commutative then (G;K) is a
Gelfand pair. The notion of Gelfand pair has been suﬃciently studied in [2,3,5,6]. A
well-known result of Gelfand in [6], asserts that (G;K) is a Gelfand pair if and only
if for any irreducible unitary continuous representation  of G, the space of K-ﬁxed
vectors is at most one dimensional. Since groupoids are generalizations of groups,
we would like to extend the notion of Gelfand pairs on groups to groupoids. For a
groupoid G, L1(G) is abelian if and only if G is an abelian group bundle (that is a
group bundle with abelian isotropy groups). Groups bundles are totally intransitive
groupoids. Our purpose in this paper is to study the commutativity of L1(GnnK) when
G is a transitive locally compact groupoid. The representation theory of groupoids is
more involved. Hilbert spaces are replaced by Hilbert bundles on the unit space of the
groupoid. The integrated representation on the groupoid algebra has the Hilbert space
of square integrable sections as the representation space. The outline of this paper
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is as follows. The next section is devoted to preliminaries. In section 3, we give the
results of this paper. The ﬁrst result, for a suitably chosen quasi-invariant measure on
the unit space of the groupoid, extends to transitive groupoids a well-known necessary
condition for Gelfand pairs on groups. We extend, in the second result, to transitive lo-
cally compact groupoids the Gelfand theorem mentioned above. The space of K-ﬁxed
vectors is replaced by the space of K-ﬁxed square integrable sections. Finally, thanks
to this result, we shall prove the main result of this paper, which asserts that (G;K)
is a Gelfand pair if and only if for any m 2 G(0);L1(Gm
mnnKm
m) is commutative. In
last section, we give some examples to which our result applies.
2. PRELIMINARIES
In this section we give some notations and deﬁnitions to help with understanding this
paper.
We shall use the deﬁnition of a locally compact groupoid and the deﬁnition of a
Haar system on a groupoid given by J. Renault in [13]. Let G be a locally compact,
Hausdorﬀ, second countable groupoid. G(0) denotes the unit space of G and G(2) the
set of composable pairs. For x 2 G, r(x) = xx 1 and d(x) = x 1x are respectively
the range and the domain of x. For u;v 2 G(0), let us put
Gu = r 1(u); Gv = d 1(v); Gu
v = Gu \ Gv
and for each unit element u;
Gu
u = fx 2 G : r(x) = d(x) = ug
is the isotropy group at u. The group bundle
G0 = fx 2 G : r(x) = d(x)g
is called the isotropy group bundle of G. There exists an equivalent relation on G(0)
deﬁned as follows: u;v 2 G(0), u  v iﬀ Gu
v 6= ;. The equivalence class of u is
denoted by [u] and is called the orbit of u. As a subset of G(0)  G(0), the graph
R = f(r(x);d(x)) : x 2 Gg of this equivalent relation is a groupoid on G(0). The
anchor map (r;d) is a continuous homomorphism of G into G(0)G(0) with image R.
A groupoid is transitive if (r;d) is onto i.e. the image of (r;d) is equal to G(0) G(0).
Otherwise, the groupoid is transitive if it has a single orbit. Let fu : u 2 G(0)g be a
left Haar system on G. For u 2 G(0), u will denote the image of u by the inverse
map and fu : u 2 G(0)g is a right Haar system on G. Let  be a quasi-invariant
measure on G(0) for the Haar system fu : u 2 G(0)g,  =
R
ud(u) be the induced
measure by  on G; 1 =
R
ud(u) be the inverse of , 2 =
R
u  ud(u) be
the induced measure by  on G(2) and  the modular function of . In [7], it was
proved that  is a homomorphism 2 a.e from G to R
+, the group of multiplicative
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other the equivalence relation . Firstly, there is a measure u
v concentrated on Gu
v
for all (u;v) 2 R such that:
— u
u is a left Haar measure on Gu
u;
— u
v is a translate of v
v, i.e. u
v = xv
v if x 2 Gu
v.
Notice that u
v is independent of the choice of x 2 Gu
v. Then, there is a unique Borel
Haar system  = fu : u 2 G(0)g for R with the property that for every u 2 G(0),
we have u =
R
!
v du(!;v): Renault [12] proves that there exists a continuous ho-
momorphism  of G to R+ such that for all quasi-invariant measures  on G(0), the
modular functions  of G, deﬁned by  and , and e  of R, deﬁned by  and ,
satisfy  = e   (r;d). We also notice that for all u 2 G(0),  j Gu
u is the modular
function of Gu
u relative to the left Haar measure u
u. It is proved in [11,12] that there
is a transitive quasi-invariant measure e  (i.e. a quasi-invariant measure concentrated
on an orbit) such that e  = 1 and so  = . In particular, for a transitive groupoid
there is a unique quasi-invariant measure on G(0) with full support such that the
modular function  is a continuous homomorphism of G. Cc(G) will denote the space
of complex-valued continuous functions on G with compact support, endowed with
the inductive limit topology. In [13], Renault deﬁnes the following norm on Cc(G):
kfkI = maxfkfkI;r;kfkI;dg;
where
kfkI;r = sup
 Z
Gu
f(x)du(x) : u 2 G(0)

and
kfkI;d = sup
 Z
Gu
f(x)du(x) : u 2 G(0)

:
In [9], the author deﬁnes the space L1(G;) = L1(G;;) of integrable functions
on G with respect to a ﬁxed Haar system  and a quasi-invariant probability measure
 by:
L1(G;;) =

f : G ! C jf is -measurable;kfk1 =
Z
G
j f(x) j d(x) < 1

:
Always, it is proved that L1(G;;) is a Banach -algebra under the following
convolution product:
(f  g)(x) =
Z
Gr(x)
f(y)g(y 1x)d(y); f;g 2 L1(G;;);
The involution is deﬁned as follows: for f 2 L1(G;;);
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Let K be a compact subgroupoid of G with unit space G(0). We assume that K is
equipped with a normalized Haar system  = fu : u 2 G(0)g that means u(Ku) =
u(Ku) = 1 for each u 2 G(0): As it is explained above, fu : u 2 G(0)g has a
decomposition f(u
v)(u;v)2RK : (u)u2G(0)g, where RK is the graph of the equivalence
relation on G(0) seen as a unit space of K, such that u =
R
!
v du(!;v). We put
L1(GnnK) = ff 2 L1(G;;) : f(kxk0) = f(x) for all x2G; k2Kr(x); k02Kd(x)g;
the space of bi-K-invariant integrable functions which is a Banach -subalgebra of
L1(G;;). For any f 2 L1(G;;), let us denote by f\ the bi-K-invariant function
deﬁned by
f\(x) =
Z Z
f(kxk0)dr(x)(k)dd(x)(k0);
for all x 2 G. Let H = (Hu)u2G(0) be a Hilbert bundle over G(0) and U(H) the
unitary groupoid of the bundle H. (;H) is a unitary continuous representation of G
if  is a groupoid morphism of G into U(H) such that for all square integrable sections
 and  of H, the map x 7! h(x)(d(x));(r(x))i is continuous. A closed nonzero
subbundle M of H (i.e. Mu is a nonzero closed subspace of Hu for each u 2 G(0))
is invariant under  if (x)Md(x)  Mr(x), for each x 2 G. If  admits a non trivial
closed invariant subbundle M, it is called reducible. Otherwise it is called irreducible.
If  is a section of H, the subbundle M whose leaf at u 2 G(0) is the closed linear
span of the set f(x)(d(x)) : x 2 Gug is called the cyclic subbundle generated by .
We say that  is cyclic if (M)u is dense in Hu, for each u 2 G(0). We denote by  (H)
the Hilbert space of a square integrable section of H. In [13], J. Renault associates to
any unitary representation (;H) a representation L of Cc(G) on  (H) deﬁned by
(L(f);) =
Z
f(x)h(x)(d(x));(r(x))id0(x);
for all f 2 Cc(G), , 2  (H), where 0 = 
 1
2 . L is a bounded non degenerate
-representation of Cc(G) where Cc(G) is equipped with the norm kkI. We may also
deﬁne L for  a.a. u 2 G(0) by
L(f)(u) =
Z
Gu
f(x)(x)(d(x))
 1
2 (x)du(x):
Let us put
H1 = f 2  (H): the map f 7! (L(f);) is continuous in L1-normg:
H1 is a nontrivial invariant subspace of  (H) (see [9]). Let us set ~ L = L j H1. In [9],
Massoud et al. show that ~ L extends to a continuous representation of L1(G;;) on
H1, still denoted ~ L. They also show that if  is irreducible then the representation ~ L
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3. GELFAND PAIRS
Throughout this section G is a Hausdorﬀ, second countable, transitive locally com-
pact groupoid with a left Haar system  = fu: u 2 G(0)g. K is a compact sub-
groupoid of G containing G(0). It follows that G(0) is the unit space of K. Let 
be the quasi-invariant measure on G(0) such that supp() = G(0) and the modular
function  associated to (;) is a continuous homomorphism. Since K contains G(0),
it follows that G(0) is compact. So we assume that  is normalized. For each u 2 G(0),
the measure u is concentrated on u  [u], and u = "u  , where "u is the unit
point mass at u. So u =
R
u
!d(!). K is equipped with a normalized Haar system
 = fu: u 2 G(0)g:
Theorem 3.1. If (G;K) is a Gelfand pair then  is invariant, that is  = 1:
Proof. For any f 2 Cc(G), we have (f\) = (f). In fact,
(f\) =
Z
f\(x)d(x) =
Z Z Z Z
f(kxk0)dr(x)(k)dd(x)(k0)du(x)d(u) =
=
Z Z Z Z
f(xk0)du(k)dd(x)(k0)dr(k)(x)d(u) =
=
Z Z Z Z
f(xk0)du(k)dd(x)(k0)dr(k)(x)d(u) =
=
Z Z Z
f(xk0)dd(x)(k0)du(x)d(u) =
=
Z Z Z
f(xk0)(x)du(k0)dr(k0)(x)d(u) =
=
Z Z Z
f(x)(x)du(k0)dd(k0)(x)d(u) =
=
Z Z
f(x)du(x)d(u) = (f):
Let f;g 2 Cc(GnnK) such that g(x) = 1 for each x 2 supp(f) [ supp(f) 1.
Since Cc(GnnK) is abelian, we obtain
Z
f(x)d(x) =
Z
f(x)g(x 1)d(x) =
Z
G(0)
Z
Gu
f(x)g(x 1u)d(x)d(u) =
=
Z
G(0)
(g  f)(u)d(u) =
Z
G(0)
Z
Gu
g(x)f(x 1)d(x) =
Z
f(x 1)d(x):
Thus for all h 2 Cc(G), we have
R
h\(x)d(x) =
R
h\(x 1)d(x) and using the ﬁrst
equality we have
R
h(x)d(x) =
R
h(x 1)d(x), i.e.  =  1: So the modular function
of (;) is identically equal to one.
Let (;H) be a unitary continuous representation of G. Since G is transitive,
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H = G(0)  H. Let m 2 G(0). Since G is transitive, then the map d : Gm ! G(0) is a
continuous surjection and there exists a section  : G(0) ! Gm such that d = idG(0)
and (d(Km))  Km. Let us consider the map:
 : G ! Gm
m; x 7! (x) = (r(x))x(d(x)) 1:
 is a morphism of groupoids which is surjective. In [1], the author establishes a
connection between the unitary representation of G and unitary representation of
Gm
m. In fact, if  is a unitary representation of Gm
m on H, then ~  deﬁned by
~ (x)(d(x);h) = (r(x);((x))h)
is a unitary representation of G on G(0)H. Conversely if ~  is a unitary representation
of G on G(0)  H,  = ~  j Gm
m is a unitary representation of Gm
m. In the next result,
we prove that if one is irreducible then the other one is irreducible.
Lemma 3.2. If  is an irreducible unitary representation of Gm
m on H, then ~  is
irreducible. Also if ~  is an irreducible unitary representation of G then ~  j Gm
m is
irreducible.
Proof. First suppose  is an irreducible unitary representation of Gm
m on H. Let us
show that ~  is irreducible. Let G(0) M be a closed subbundle of G(0) H invariant
under ~ . We have
~ (x)(d(x);M) = (r(x);((x))M):
Hence ((x))M  M for all x 2 G. Since  is surjective, then (y)M  M for all
y 2 Gm
m. So M = f0g or M = H, since  is irreducible. Consequently, G(0)  M, is
trivial and ~  is irreducible.
Now, suppose ~  is an irreducible unitary representation of G on G(0)  H and
let us show that  = ~  j Gm
m is irreducible. Let M be a nonzero closed subspace of
H invariant under . For v 2 G(0), let us consider Nv the closed linear span of the
set f~ (x)(d(x);h) : x 2 Gv
m;h 2 Mg. In particular Nm = M. fNvgv2G(0) is a closed
subbundle of G(0)  H. For all y 2 G, x 2 G
d(y)
m , h 2 M, we have
~ (y)(~ (x)(d(x);h)) = ~ (yx)(d(x);h):
Since yx 2 G
r(y)
m , then ~ (y)(~ (x)(d(x);h)) 2 Nr(y). Hence ~ (y)Nd(y)  Nr(y). So
fNvgv2G(0) is invariant under ~ . But ~  is irreducible, so it comes that Nv = f0g or
Nv = H for any v 2 G(0). In particular Nm = M = H. So  is irreducible.
Let us notice that any section  of H is bounded since G(0) is compact. It follows
that any section  of H is square integrable and it also belongs to H1 deﬁned above.
We set
 K
 (H) = f 2  (H) : (k)(d(k)) = (r(k)) for each k 2 Kg;
the space of K-invariant square integrable section of H. If  2  (H), then the section
PK deﬁned by
PK(u) =
Z
(k)(d(k))d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is K-invariant and square integrable. Also  K
 (H) is a closed subspace of  (H). We
have the following result.
Theorem 3.3. (G;K) is a Gelfand pair if and only if for any irreducible unitary
representation (;H), the dimension of  K
 (H) is less than one.
Proof. Suppose (G;K) is a Gelfand pair and let ~ L be the extension of  to L1(G;;)
restricted to H1 =  (H). For f 2 L1(GnnK),  2  K
 (H) and k 2 K,
(k)((~ L(f))(d(k))) =
Z
Gd(k)
f(x)(kx)(d(x))dd(k)(x) =
=
Z
Gr(k)
f(x)(x)(d(x))dr(k)(x) = ~ L(f)(r(k)):
Thus ~ L(L1(GnnK)) K
 (H)   K
 (H). So let us consider the representation ~ L\ of
L1(GnnK) on  K
 (H). We suppose that  K
 (H) 6= f0g. Let U be a closed subspace of
 K
 (H) invariant under ~ L\. Suppose U 6= f0g and let us put W = U?. For  2 U, set
V  = f~ L(f) : f 2 L1(G;;)g:
V  is invariant under ~ L and is dense in  (H). For all  2 W and f 2 L1(G;;),
we have
0 = h~ L\(f\);i =
=
Z
f(kxk0)h(x)(d(x));(r(x))idr(x)(k)dd(x)(k0)du(x)d(u) =
=
Z
f(xk0)h(k 1x)(d(x));(d(k))idu(k)dd(x)(k0)dr(k)(x)d(u) =
=
Z
f(xk0)h(x)(d(x));(r(k))idu(k)dd(x)(k0)dr(k)(x)d(u) =
=
Z
f(xk0)h(x)(d(x));(r(x))idu(k)dd(x)(k0)dr(k)(x)d(u) =
=
Z
f(xk0)h(x)(d(x));(r(x))idd(x)(k0)du(x)d(u) =
=
Z
f(xk0)h(x)(d(x));(r(x))idu(k0)dr(k0)(x)d(u) =
=
Z
f(x)h(x)(d(k0));(r(x))idu(k0)dd(k0)(x)d(u) =
=
Z
f(x)h(x)(d(x));(r(x))idu(k0)dd(k0)(x)d(u) =
=
Z
f(x)h(x)(d(x));(r(x))id(x) = h~ L(f);i:
Thus  2 (V )? = f0g and we conclude that W  f0g and U =  K
 (H). So ~ L\ is irre-
ducible. Since L1(GnnK) is a commutative Banach -algebra, then dim K
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For the converse, let us assume that dim K
 (H)  1 for any irreducible unitary
representation of G on a Hilbert bundle H. Let us show ﬁrst that Cc(GnnK) possesses
suﬃciently many one-dimensional -representations. Take f 2 Cc(GnnK) such that
f 6= 0. Let us put g = f j Gm
m for some m 2 G(0). Then g 2 Cc(Gm
mnnKm
m) and
g 6= 0. By well-known results due to Gelfand and Raikov [4], we can ﬁnd a continuous
elementary positive-deﬁnite function 'm on Gm
m satisfying
R
g(x)'m(x)dm
m(x) 6= 0.
Denote the irreducible unitary representation of Gm
m on H associated with 'm by
m. Then 'm(x) = hm(x)h;hi, where h is a cyclic vector. Let  be the unitary
representation of G on G(0)  H = H associated to m. It is irreducible according to
Lemma 3.2. Put (u) = (u;h) for any u 2 G(0).  is a section of G(0)  H. Since h is
cyclic, then  is a cyclic square integrable section. We have h~ L(f);i 6= 0, because
h~ L(f);i =
Z
f(x)h(x)(d(x));(r(x))id(x) =
Z
f(x)hm((x))h;hidu(x)d(u) =
=
Z
f((u) 1x(v))hm(x)h;hidm
m(x)d(u)d(v) =
=
Z
g(x)hm(x)h;hidm
m(x) =
Z
g(x)'m(x)dm
m(x):
We also obtain
h~ L(f);i =
Z
f(x)h(x)(d(x));(r(x))id(x) =
=
Z Z
f(kx)h(x)(d(x));(r(x))idr(x)(k)du(x)d(u) =
=
Z Z
f(x)h(k 1x)(d(x));(d(k))idu(k)dr(k)(x)d(u) = h~ L(f);PKi:
Therefore PK 6= 0 and hence  K
 (H) 6= f0g. So, by assumption, dim K
 (H) = 1.
Thus ~ L\ is a one-dimensional -representation of Cc(GnnK) on  K
 (H) and ~ L\(f) 6= 0.
To complete the proof, let  be a one-dimensional -representation of Cc(GnnK) and
f;g 2 Cc(GnnK), we have (f  g   g  f) = 0. Hence by the above considerations
f  g = g  f. Consequently Cc(GnnK) is commutative and by density L1(GnnK) is
also commutative.
We obtain a characterization of Gelfand pairs for transitive groupoids as a corollary
of Theorem 3.3.
Theorem 3.4. If we assume in addition that K is transitive, then (G;K) is a Gelfand
pair if and only if for some m 2 G(0) (hence for all m 2 G(0)) (Gm
m;Km
m) is a Gelfand
pair.
Proof. Let us ﬁrst show that if ~  is a unitary representation of G on G(0)  H and
 the restriction of ~  to Gm
m then  K
 (G(0)  H) and HKm
m are isomorphics as vector
spaces, where HKm
m designates the space of Km
m-invariant vectors under . In fact, let
us consider the map
' :  K
 (G(0)  H) ! HKm
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For all k 2 Km
m,
(k)(m) = ~ (k)(d(k)) = (r(k)) = (m):
So (m) 2 HKm
m. Clearly ' is linear. Suppose now that , 0 2  K
 (G(0)  H) such
that (m) = 0(m). Let u 2 G(0). Since K is transitive, then there exists k 2 K such
that r(k) = u and d(k) = m. Thus,
(u) = (r(k)) = ~ (k)(m) = ~ (k)0(m) = ~ (k)0(d(k)) = 0(r(k)) = 0(u);
so  = 0 and ' is injective. Let h 2 HKm
m. We set for all u 2 G(0), s(u) = ~ (k)(m;h)
for some k 2 Ku
m. Notice that s(u) is independent of the choice of k. In fact, if
k;k0 2 Ku
m, we have k 1k0 2 Km
m and
~ (k 1k0)(m;h) = (k 1k0)(m;h) = (m;h):
So, ~ (k0)(m;h) = ~ (k)(m;h).
We have, for all k 2 K and for some k0 2 K
d(k)
m
~ (k)s(d(k)) = ~ (k)~ (k0)(m;h) = ~ (kk0)(m;h) = s(r(k));
so s is K-invariant. s is square integrable since G(0) is compact. Moreover, for some
k 2 Km
m
s(m) = ~ (k)(m;h) = (k)h = h:
Thus '(s) = h and ' is surjective.
In the same way, if  is a unitary representation of Gm
m on H and ~  the unitary
representation of G on G(0)  H associated to , we show that  K
 (G(0)  H) and
HKm
m are isomorphics as vector spaces. But only for proof that (m) 2 HKm
m we use
the fact that (Km
m) = Km
m.
So suppose (G;K) is a Gelfand pair and let  be an irreducible unitary represen-
tation of Gm
m on a Hilbert space H. The unitary representation ~  of G on G(0)  H
deﬁned by  is irreducible according to Lemma 3.2. Since (G;K) is a Gelfand pair
then, thanks to Theorem 3.3, dim K
 (G(0)H)  1. So according to the isomorphism
established above, dimHKm
m  1. Hence (Gm
m;Km
m) is a Gelfand pair thanks to Gelfand
theorem mentioned in the introduction. Conversely, suppose (Gm
m;Km
m) is a Gelfand
pair and let ~  be an irreducible unitary representation of G on G(0)H. The unitary
representation  of Gm
m on H deﬁned by ~  is irreducible according to Lemma 3.2.
Since (Gm
m;Km
m) is a Gelfand pair then, thanks to Gelfand theorem mentioned in
the introduction, dimHKm
m  1. So according to the isomorphism established above,
dim K
 (G(0)  H)  1. Hence (G;K) is a Gelfand pair thanks to Theorem 3.3.
4. EXAMPLES
Example 4.1. Let M be a compact manifold, GL(n;R) be the group of invertible
real matrices and 0(n;R) be the group of orthogonal matrices.760 Ibrahima Toure and Kinvi Kangni
Consider the transitive trivial Lie groupoid G = M GL(n;R)M with groupoid
structure which is deﬁned in the following way:
d(m;g;n) = (n;I;n);
r(m;g;n) = (m;I;m);
(m;g;n)(n;h;p) = (m;gh;p)
and
(m;g;n) 1 = (n;g 1;m);
where m;n;p 2 M, g;h 2 GL(n;R) and I the identity matrix. The set K =
M  0(n;R)  M equipped with the above groupoid structure, is a compact Lie
subgroupoid of G. For any m 2 M, we have Gm
m = GL(n;R) and Km
m =
0(n;R). So since (GL(n;R);0(n;R)) is a Gelfand pair, then thanks to Theorem 3.4,
(M  GL(n;R)  M;M  O(n;R)  M) is a Gelfand pair.
In general, if G is a locally compact group and K a compact subgroup of G such
that (G;K) is a Gelfand pair then (M GM;M K M) is a Gelfand pair, where
M is a topological compact space.
Example 4.2. Let A be an abelian locally compact group and let M be a topological
compact space. We suppose that A acts transitively and continuously on M. Let us
consider the groupoid action G = A / M deﬁned by:
d(a;m) = m;
r(a;m) = a:m;
(a;a0:m0)(a0;m0) = (aa0;m0)
and
(a;m) 1 = (a 1;a:m);
where a;a0 2 A;m;m0 2 M. Let us put K = M the base groupoid with d = r = idM.
For any m 2 M, Gm
m is a subgroup of A and Km
m = fmg. Since Gm
m is abelian then
(Gm
m;fmg) is a Gelfand pair. So, thanks to Theorem 3.4 (A / M;M) is a Gelfand
pair.
We can take G = R, M = S1 the unit circle and consider the action of R on S1
deﬁned by t:z = e2itz with t 2 R, z 2 S1. The pair (R / S1;S1) is a Gelfand pair as
explained just above.
Example 4.3. Let H be a compact Lie group and L a closed Lie subgroup of H
such that (H;L) is a Gelfand pair. Let us consider the transitive trivial Lie groupoid
G = H=L  H  H=L and K = HH
L the gauge groupoid (see for example [8]
for a deﬁnition) associated to the principal bundle H(H=L;L). K is a closed Lie
subgroupoid of G ([8, p. 14]). But G is compact, so K is compact. Note that a gauge
groupoid is transitive. For any m 2 H=L, we have Gm
m = H and Km
m = L, so (Gm
m;Km
m)
is a Gelfand pair and thanks to Theorem 3.4 (H=L  H  H=L; HH
L ) is a Gelfand
pair.
We can apply it to the Gelfand pair (SO(n);SO(n   1)), n  2, where SO(n) is
the real special orthogonal group of order n.On Gelfand pairs associated to transitive groupoids 761
Example 4.4. Let M be a compact C1-manifold and (E;p;M) be a complex rank n
vector bundle with hermitan metric. Let (E) denote the set of all linear isomorphisms
between the various ﬁbres of the vector bundle (E;p;M). Then (E) is a Lie groupoid
on M with respect to the following structure: for each isomorphism 'm;n: En ! Em,
d('m;n) = n, and r('m;n) = m; the partial multiplication is the composition of maps.
The inverse of 'm;n is its inverse as a map. With this structure, (E) is called the
linear frame groupoid of (E;p;M). Consider now U(E) the unitary frame groupoid
of (E;p;M) consisting of all unitary isomorphisms between the various ﬁbres of the
vector bundle. It is a closed Lie subgroupoid of (E) (see [8]). Note that (E) and
U(E) are locally trivial Lie groupoids (see [8]) so transitive. For any m 2 M,
((E))m
m = GL(Em) ' GL(n;C) and (U(E))m
m = U(Em) ' U(n;C):
Since (GL(n;C);U(n;C)) is a Gelfand pair, then thanks to Theorem 3.4,
((E);U(E)) is a Gelfand pair.
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